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Abstract

The sign-constrained Stiefel manifold in R™*" is a segment of the Stiefel manifold with
fixed signs (nonnegative or nonpositive) for some entries of the matrices. It includes the
nonnegative Stiefel manifold as a special case. We present global and local error bounds that
provide an inequality with easily computable residual functions and explicit coefficients to
bound the distance from matrices in R™*" to the sign-constrained Stiefel manifold. Moreover,
we show that the error bounds cannot be improved except for the multiplicative constants
under some mild conditions, which explains why two square-root terms are necessary in the
bounds when 1 < r < n and why the ¢; norm can be used in the bounds when r = n
or r = 1 for the sign constraints and orthogonality, respectively. The error bounds are
applied to derive exact penalty methods for minimizing a Lipschitz continuous function with

orthogonality and sign constraints.
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1 Introduction

Let n and r be two integers such that 1 < r < n, and §"" = {X € R"*" : XX = I.} be
the Stiefel manifold, where I. is the r x r identity matrix. Given two disjoint subsets P and N
of {j:1<j<r}, denote

R == {X eR"™ :X;;>0forjePand X;; <0forjeN, 1<i<n},
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which is a subset of R™*" with column-wise nonnegative or nonpositive constraints on some
columns.

In this paper, we consider the sign-constrained Stiefel manifold defined as
Sg" = SMTNREYXT.

When P = {j: 1 < j <r}, R&*" reduces to the nonnegative orthant R}*", and S5 reduces to
the nonnegative Stiefel manifold S = {X € S™" : X > 0}.

If we define the sign matrix S € R™*" as the matrix with

1, if j € P,
Sij = -1, ifjeN, 1<i<n, (1.1)
0, otherwise,

then S5 can be formulated as
Se" = {XER™":So0X >0, X'X =1},

where o signifies the Hadamard product. We will investigate error bounds

dist(X, S5") < v||(SoX)_||% for X e S, (1.2)

dist(X, S¥") < v||XTX — ||} for X € R*", (1.3)

dist(X, S§") < v([|[(SeX)_||% + IXTX — L|f) for X eR™, (1.4)

where v and ¢ are positive constants, and Y_ := max{—Y, 0} stands for the entry-wise nonneg-

ative part of —Y for any matrix Y. The bounds (1.2)—(1.4) are global error bounds for S
relative to ™7, RE*", and R"*", respectively, with the first two being special cases of the last
one.

According to the error bound of Luo-Pang presented in [19, Theorem 2.2], there exist v > 0
and ¢ > 0 such that the inequalities in (1.2)—(1.4) hold for all X in a compact subset of R™*".
Moreover, due to the error bound for polynomial systems given in [14, Corollary 3.8], for all X
in a compact subset of R™"*" there exists a v such that the inequalities in (1.2)—(1.4) hold with
a dimension-dependent value of ¢ that is less than 672"". However, to the best of our knowledge,
the explicit value of v and the value of ¢ that is independent of the dimension in (1.2)—(1.4) are
still unknown even in the special case of S5 = S:L_’T, and it is also unknown whether the error
bounds hold in an unbounded set.

Being a fundamental concept in optimization, error bound plays a crucial role in both theory
and methods for solving systems of equations and optimization problems [19, 22]. One of its appli-
cations is to develop penalty methods for constrained optimization problems. Let F': R™*" — R

be a continuous function. The minimization problem

min {F(X): X € S5} (1.5)



can be found in a wide range of optimization models in data science, including nonnegative
principal component analysis [15, 30], nonnegative Laplacian embedding [18], discriminative
nonnegative spectral clustering [28], orthogonal nonnegative matrix factorization [23, 29], and
some K-indicators models for data clustering [3, 26].

Even in the special case of S;"= S}, the constraints of problem (1.5) are challenging to
handle due to their combinatorial nature (note that, for example, Si’n equals the set of all

permutation matrices on R™). To deal with these difficult constraints, the penalty problems

min { F(X) 4+ pl|(So X)_||f: X € S*"}, (1.6)
min {F(X) FuXTX L% X € R’;X’"} , (1.7)
min { F(X) + (S 0 X)_ [t + | XTX ~ L&) : X e R} (1.8)

have been widely used for solving (1.5) with Sg”"= S"»", where p is the penalty parameter. See for
example [1, 24, 28, 30] and the references therein. However, the exactness of problems (1.6)—(1.8)
regarding global minimizers and local minimizers of problem (1.5) is not well understood.

The main contribution of this paper is to establish the error bounds (1.2)—(1.4) with v = 15r1
and ¢ = 1/2 without any additional restriction on X. Moreover, we demonstrate that the error
bounds cannot hold for ¢ > 1/2 under mild conditions when 1 < r < n and S¢" = S, In addi-
tion, we show that the error bounds (1.2)—(1.4) hold with ¢ = 1 and v = 7/ when |P|+|N| =1,
and hold with ¢ = 1 and v = 9n when |P| + |N| = n, but they cannot hold with ¢ > 1. As an
application of error bounds (1.2)—(1.4) with v = 1571 and ¢ = 1/2, we show the exactness of
the penalty problems (1.6) and (1.7) under the assumption that F is Lipschitz continuous, tak-
ing S¢" = S as an example. Moreover, we show the existence of Lipschitz continuous functions
such that penalty problems (1.6) and (1.7) with ¢ > 1/2 are not exact for global and local min-
imizers of the corresponding constrained problems. The values of ¢ in error bounds (1.2)—(1.4)

for some special sign matrices S € R"*" defined in (1.1) by P and A are summarized in Table 1.

S hold fail
|Pl=ror|N|=r, 1<r<n qg=1/2 q>1/2
|Pl=1or [N|=1, 1<r<n qg=1 g>1

Pl+|N|=n, r=n g=1 g>1

Table 1: Error bounds (1.2)—(1.4) hold or fail for some special sign matrices S € R"*"

Very recently, our error bounds and matrix inequalities have been used to study constant
modulus optimization and optimal orthogonal channel selection [2, 16, 17], which have a wide

variety of applications in signal processing, communications, and data science.



The rest of the paper is organized as follows. In Section 2, we introduce some notations and
preliminaries. Section 3 derives the error bounds (1.2)—(1.4) in the special case of Sg”" = S"".
Section 4 extends these bounds to the general case. Section 5 investigates the exactness of the
penalty problems (1.6)—(1.8) using the new error bounds. Section 6 considers applications of

the theoretical results established in this paper. We conclude the paper in Section 7.

2 Notation and preliminaries

For any matrix X € R™*", X := max{X, 0} = X 4+ X_ is the projection of X onto R*". In
addition, the singular value vector of X is denoted by o(X) € R”, the entries of which are in the
descent order. Meanwhile, (X) € R™ " is the matrix such that X = UX(X)VT is the singular
value decomposition of X, the diagonal of ¥(X) being o(X). We use 1 to denote the vector
with all entries being one, and its dimension will be clear from the context.

Unless otherwise specified, ||-|| stands for a general vector norm. For any constant p € [1, +00),
we use || - ||, to represent either the £,-norm of vectors or the operator norm induced by this
vector norm for matrices. In addition, we use ||-||,, to denote the entry-wise £,-norm of a matrix,
namely the £,-norm of the vector that contains all the entries of the matrix. Note that [ - ||, is
the Frobenius norm, which is also denoted by || - |[p. When R™*" is equipped with the Frobenius
norm, we use B(X,J) to represent the open ball in R™"*" centered at a point X € R™*" with a
radius 6 > 0, and dist(X, T) to denote the distance from a point X € R™™" to a set T C R™*".
Finally, given a minimization problem, we use Argmin to denote the set of global minimizers.

Lemma 2.1 is fundamental for the analysis of distances between matrices. This lemma is
stated for unitarily invariant norms (see [10, Section 3.5] for this concept), although we are most

interested in the case with the Frobenius norm.
Lemma 2.1 (Mirsky). For any matrices X € R™*" and Y € R"*", we have
[5(X) -2 < X =Y (2.1)

for any unitarily invariant norm || - || on R™". When || - || is the Frobenius norm, the equality
holds in (2.1) if and only if there exist orthogonal matrices U € R™™ ™ and V € R™" such
that X =UX(X)VT and Y = UX(Y)VT.

The square case (i.e., n = r) of inequality (2.1) is due to Mirsky [20, Theorem 5], and the
general case can be found in [11, Theorem 7.4.9.1]. A direct corollary of Lemma 2.1 is the
following Hoffman-Wielandt [9] type bound for singular values, which is equivalent to the von

Neumann trace inequality [25, Theorem I} (see also [13, Theorem 2.1]).

Lemma 2.2 (von Neumann). For any matrices X € R™" and Y € R™ ", we have
lo(X) —o(¥)ll2 < X =Y,

and equivalently, tr(XTY) < o(X)To(Y).



The following lemma is another consequence of Lemma 2.1. For this result, recall that each
matrix X € R™ " has a polar decomposition in the form of X = UP, where U belongs to S™"
and P = (XTX)%, with U being called a unitary polar factor of X. The square case of this
lemma is due to Fan and Hoffman [7, Theorem 1]. For the general case, see [8, Theorem 8.4],

which details a proof based on Lemma 2.1.
Lemma 2.3 (Fan-Hoffman). If U € R™*" is a unitary polar factor of a matrix X € R™ ", then
|IX =U|| = min{||X -V :V eS*}
for any unitarily invariant norm || - || on R™*".
Lemma 2.4 collects a few basic facts on the distance from a matrix in R™*" to S™.
Lemma 2.4. For any matrix X € R™*", we have
dist(X, S™) = [lo(X) =12 < min{HXTX e, rEXTX - 1T||§}.
In addition, | XTX — L|lr < (| X|l2 + D]le(X) — 1]2.
Proof. Let U € S™" be a unitary polar factor of X. By Lemma 2.3,
dist(X, §"7) = [|X = Ulle = [UT(X = U) e = [(XTX)% = L][g = [o(X) = 1|2,
The entry-wise inequalities |o(X) — 1| < |0(X)? — 1| < (|| X||2 + 1)|o(X) — 1| imply
lo(X) = 1ll2 < [o(X)* =12 < (X2 + 1)[lo(X) — 1[|2. (2.2)
Noting that ||o(X)? —1||s = || X TX — I||r, we obtain from (2.2) that
lo(X) =1l < IXTX = Lllr < (| X[l + Do (X) = 1|2.
Finally, since |o(X) — 1|? < |0(X)? — 1|, we have
lo(X) =15 < [o(X)? =1l < Vrllo(X)* =12 = VP XTX = L.

The proof is complete. ]

By Lemmas 2.3 and 2.4, dist(X, S}"") = ||o(X) — 1|2 if X has a nonnegative unitary polar

factor. It is the case in the following lemma, where this factor is X (X T X )_%
Lemma 2.5. For a matriz X € R}", if XTX is nonsingular and diagonal, then
dist(X, S77) = [lo(X) — 1]l
Lemma 2.6 is an elementary property of Si’T. We omit the proof.

Lemma 2.6. For a matriz X € SK’T, each row of X has at most one nonzero entry.



3 Error bounds for the nonnegative Stiefel manifold

This section will establish the error bounds (1.2)-(1.4) in the special case of Sg" = S,
where S o X reduces to X. Subsection 3.1 demonstrates (1.2)—(1.4) with ¢ = 1 when r = 1
or r = n, and points out that they cannot hold with ¢ > 1 regardless of r € {1,...,n}. In
Subsection 3.2, we derive the bounds (1.2)—(1.4) with ¢ = 1/2 for 1 <r < n, and Subsection 3.3
elaborates on the tightness of these bounds when 1 < r < n. As an application of our results,
we briefly discuss the linear regularity of R*" and S™" in Subsection 3.4.

General discussions on error bounds can be found in [6, Section 6.1]. Here we focus on error

bounds for S defined by two special functions

pr(X) = [IXIg + [lo(X) =112,
p2(X) = | Xl + IXTX — L[|,

where ¢; and ¢y are positive constants. These functions are residual functions for Sz’r rel-
ative to R™*", namely nonnegative-valued functions on R"*" whose zeros coincide with the
elements of S}'". The residual function p; is easily computable and it reduces to the one in (1.4)
when ¢ = g2 = q.
We say that p; defines a local error bound for ST relative to R™*" if there exist positive
constants € and v such that
dist(X, ST") < vp1(X) (3.1)
for all X € R™" satisfying || X_||r + || XX — I]|r < ¢, and we say it defines a global error
bound for """ relative to R™*" if (3.1) holds for all X € R™*". Likewise, we can use p; to define
error bounds for S} relative to any set S C R™*" that contains S, for example, S = R},
in which case p; reduces to its second term. Similar things can be said about py. Theorems 3.5
and 3.12 will specify the precise range of ¢; and ¢o so that p; and po define local or global error

bounds for Si’r relative to R™*T",

3.1 Tight error bounds with r=1or r=n

In this subsection, we show that the error bounds (1.2)—(1.4) hold for ¢ = 1 when r =1 or r = n.
Moreover, we explain why bounds (1.2)—(1.4) cannot hold for ¢ > 1 in general.
The bound for r =1 is easy to establish due to the simple fact that

dist(z, ST') = dist(z, S™!) = [[zfla — 1| forall z€R~. (3.2)

Indeed, when = = 0, this is trivial; when = # 0, equality (3.2) is true because the projection of x

onto Srfr’l equals its projection onto S™!, which is x/||z||2 > 0.
Theorem 3.1. For any vector x € R",

dist(z, STY) < 2flz—|l2 + |||=ll2 — 1].



Proof. As observed above, dist(z, Si’l) = |||lz4 /|2 — 1|. Meanwhile,

llzillz =1 = [lzllz = 1] < [llzslla = llzll2| < lzs —2ll2 = [lz—]l2.
Thus dist(z, ST') < [la_|2 + dist(z4, ST') < 2/lz_ |2 + [[lz]2 — 1]. O
To establish the error bounds for = n, we first prove Proposition 3.2, which is essentially

a weakened version of the observation (3.2) in the current situation. Note that the matrix YV

defined in the proof below is indeed the rounding matrix proposed in [12, Procedure 3.1].
Proposition 3.2. For any matriz X € RY", if ||o(X) — 1||2 < 1/(4y/n), then

dist(X, SI'™) < 7v/n|lo(X) — 1]2. (3.3)
Proof. For each i € {1,...,n}, take the smallest integer I; € {1,...,r} so that

Xiy, = max{X;;:j=1,...,r}
Consider the matrix Y € R} defined by

X, ifj=1,
Yvi’j _ 3,05 J i (34)
0 otherwise.
We will demonstrate (3.3) by establishing bounds for | X — Y'||g and dist(Y, S™).
Consider || X — Y||p first. Due to the fact that ||o(X) — 1|2 < 1/(4y/n), all the n singular

values of X are at least 3/4. Since X > 0 and X;;, = max{X;;:j=1,...,n}, we have

X; (XXT) > 3 foreach ie{l,... .n)

lz pu— f 4ﬁ

Fix an integer j € {1,...,r}. For each [ € {1,...,r}, define

1 ifl+# 7,
0 ifl=y.

1G#0) = 10 #j) =
With 2/ and 4/ denoting the jth columns of X and Y, respectively, we have

9 .
m”ﬂﬁ]—yjﬂg = ZX 1(j # l;)

Z L(l; # §)

IN

< ZZXZl l?'é])
=1 =1

< Z(ZX”X,J> (1 #7)
=1 \i=1

_ Z(XTXIn>12j]l(l7éj).
=1 ’



Hence

4
IX =Y|r < =vn|X"X — L,||p.
3

By Lemma 2.4 and the fact that || X||2 <1+ |o(X) — 1|2 < 5/4, we have further

4
IX =Yle < SvallXll2 + Dle(X) =12 < 3Vnllo(X) = 1]. (3-5)
Now we estimate dist(Y, S'"). According to inequality (3.5) and Lemma 2.2,
lo(¥) =12 < [[X =Y +[lo(X) = 1]z < 4V/nflo(X) = 1|2. (3.6)

Since ||o(X) —1|]2 < 1/(4y/n), we have ||o(Y) —1||2 < 1, which implies that Y TY is nonsingular.
Since Y has at most one nonzero entry in each row, it is clear that Y 7Y is diagonal. Thus we

can invoke Lemma 2.5 and obtain
dist(¥, ST = [lo(¥) — 1]
Therefore, combining inequalities (3.5) and (3.6), we conclude that (3.3) is true. O

Theorem 3.3 presents global and local error bounds for S'" relative to R™*™.

Theorem 3.3. For any matriz X€ R™*"™, we have

dist(X, S1") < 9n (| X—[p + [lo(X) = 1[|2). (3.7)
Moreover, if | X_||r + ||lo(X) — 1|2 < 1/(4y/n), then

dist(X, S}") < 8v/n (| X_|lr + [lo(X) — 1]12) - (3.8)

Proof. We first prove (3.8), assuming that || X_||p + |[Jo(X) — 1|2 < 1/(4y/n). By Lemma 2.2,
this assumption ensures ||o(X;) — 1|2 < 1/(4y/n). Thus Proposition 3.2 renders

IN

dist(X1, S2") < TVallo(Xs) = 1o < 7V (1X e + o) = 1)),

which justifies inequality (3.8) since dist(X, S") < [| X_||r + dist(X 1, S}").
Now we consider inequality (3.7). If || X_||r + ||o(X) — 1||2 < 1/(4y/n), then (3.7) holds due
0 (3.8). When || X_|g + [|o(X) — 1[]2 > 1/(4y/n), inequality (3.7) is justified by

dist(X, SI'™) < dist(X, S™") +2v/n
lo(X) =12 + 8n([[X—|[r + lo(X) — 1[|2)
<O ([[X-|[p + [lo(X) = 1|2),

IN

where the first inequality holds because the diameter of S™" is 2/n. O



Remark 3.4. Since |[|z]j2 — 1| < |||z[|3 — 1| and [lo(X) — 1[]2 < [|XTX — I,,||r, Theorems 3.1
and 3.3 imply the error bounds (1.2)—(1.4) with ¢ = 1 for r € {1,n}. These bounds can-
not be improved except for the multiplicative constants. Indeed, for any matrix X € R™*"
with r € {1,...,n} and || X||2 < 1, we have

dist(X, S7") > max {dist(X, R?*"), dist(X, S™")}

1
> 5 [dist(X, RT) + dist(X, ™)

1 (3.9)
=5 (IX-|le + o (X) = 1]2)

1 1
> SIIX e+ 7 IXTX = Llp,

where the last two lines apply Lemma 2.4. This also implies that the bounds (1.2)—(1.4) cannot
hold for any r € {1,...,n} with ¢ > 1.

Theorem 3.5 is an extension of Theorems 3.1 and 3.3. It specifies the possible exponents
of | X_|lr and ||o(X) — 1|2 or || XTX — I,||p in local and global error bounds for S’ relative
to R™" for r € {1,n}. As we will see from (b) of this theorem and its proof, when r = 1
or r = n, the error bound (1.2) can hold if and only if ¢ < 1, whereas (1.3) and (1.4) can hold
if and only if 1/2 < ¢ < 1.

Theorem 3.5. Let g1 and g2 be positive constants. Suppose that r =1 orr =n.

(a) The function pi(X) = | X_||f + ||o(X) — 1||§* defines a local error bound for S relative
to R™" if and only if g1 < 1 and ¢ < 1, and it defines a global error bound if and only
ifq < g =1

(b) The function pa(X) := | X_|| + || XTX — I,||# defines a local error bound for S'" relative
to R™" if and only if g1 < 1 and ¢ < 1, and it defines a global error bound if and only
ifqp <land1/2<g <1.

Proof. We consider only the case with » = n. The other case is similar.

(a) Based on (3.8) and (3.9), it is easy to check that p; defines a local error bound for S'"
relative to R™ " if and only if ¢; < 1 and g2 < 1. Hence we only need to consider the global
error bound.

Suppose that ¢; < go = 1. Let us show that
ist(X, S27) < On (|X_[& + o(X) — 1]) = 9np(X) (3.10)
for X € R™". If | X_||g <1, then (3.10) follows from (3.7). When || X_|jr > 1,
dist(X,S}") < dist(X,S™") +2v/n < ||o(X) — 1|2 + 2v/n[| X_||F,

which validates (3.10) again. Hence p; defines a global error bound for """ relative to R™*™.



Now suppose that p; defines a global error bound for S}'" relative to R™*™. Then it also
defines a local error bound, implying ¢; < 1 and g2 < 1. Consider a sequence {Xj} C Rixn
such that XkTXk = kI, for each k > 1. Then

1

diSt(Xk, S:l_’n) > diSt(Xk, Sn,n) = ||U(Xk)_1H2 = [pl(Xk)]E — 00.

By assumption, dist(Xg, ST") < vpi(Xy) for each & > 1 with a constant v. Hence we
know g2 > 1. To conclude, we have ¢; < go = 1. The proof for (a) is complete.

(b) Based on (3.8), (3.9), and the fact that [|o(X) — 1|2 < || XX — I,||r (Lemma 2.4), it is
easy to check that ps defines a local error bound for S relative to R™*™ if and only if ¢; < 1
and go < 1. Hence we consider only the global error bound.

Suppose that ¢ <1 and 1/2 < g2 < 1. We will show that
dist(X,S1") < 9 (X + | XTX = L[|#) = 9npa(X) (3.11)

for X € R™". If | XTX — I,||r < 1, then (3.11) holds because of (3.10) and the fact that
|o(X) =12 < | XTX — L||[p. When | XTX — L,|lr > 1,
dist(X,S}") < dist(X,S™") +2v/n
1
<ni||XTX = L||2 + 2Vl XTX — I,,| 2
< (n¥ +2v) | XTX - LIIE,
justifying (3.11) again, where the second inequality applies Lemma 2.4. Hence py defines a global
error bound for S:L_’n relative to R™*",
Now suppose that py defines a global error bound for S relative to R"*™. Then ¢; < 1

and ¢z < 1, as pp also defines a local error bound. Consider again a sequence { X} C R7*" such
that X,;er = kI, for each &k > 1. Then

dist(Xy, S2") > [lo(X5) - 12 = (V& - 1)v/n,
p2(X0) = |IXT Xy — LI = [(h — )],

By assumption, dist(Xg, ST") < vpa(Xy) for each & > 1 with a constant v. Hence we
have go > 1/2. The proof for (b) is complete. O

3.2 Error bounds with 1 <r <n

Now we shift our attention to the general case with 1 < r < n. Given previous bounds
for r € {1,n}, we are particularly interested in the situation where 1 < r < n.

We will first prove a local error bound for Si’r relative to R as detailed in Proposition 3.8.
This bound will play a role similar to what observation (3.2) and Proposition 3.2 do in the cases

of r =1 and r = n, respectively. To simplify its proof, we start with the following lemma.

10



Lemma 3.6. For any matriz X € RI™", there exists a matriz Y € RY™" such that YTY is

diagonal and

. Bt
Iy’ |2 — 1‘} < ||Z||f foreach je{l,...,r}, (3.12)

max {[|z7 — /|2,
where 27, y7, and 27 denote the jth column of X, Y, and Z = X' X — I,., respectively.

Proof. Define [; (1 <i < n)and Y as in the proof of Proposition 3.2. Since Y'Y is diagonal
as mentioned before, it suffices to establish (3.12) for this Y.
Fix an index j € {1,...,7}. Recalling that 0 < X, ; < X;;, for each i € {1,...,n}, we have

n
27 — 7[5 = X710 # 1)
=1

< X Xig1(li # 5) (3.13)
=1

<> (Z Xi,lXi,j> 1l # j)-
=1 \i=1

Since XX and Z have the same off-diagonal entries, inequality (3.13) yields

27 =713 < > 12110 #5) = 1271h = 1Z5,1. (3.14)
=1

It remains to prove |||y ||z — 1|2 < ||#7|]1. To this end, note that
. 2 . . . .
g7 ll2 =17 < (I3 = 1] < [l 13 = 1 + [l2? = &3, (3.15)

where the first inequality uses the fact that |t — 1|2 < [t2 — 1| for any ¢ > 0, and the sec-
ond one is because ||27|3 — [|37||3 = |27 — y?||3 due to the special construction (3.4) of Y.
Since ||z7]|3 — 1 = Z; j, we can combine (3.14) and (3.15) to obtain

o7l = 17 < [I2213 = 1] + (1271 = 1Z3,40) = 1I£2]lx.
The proof is complete. O

Remark 3.7. As mentioned earlier, the matrix Y in the proof of Lemma 3.6 is the rounding
matrix in [12, Procedure 3.1]. Inequality (3.13) is essentially the second inequality in Case II
of the proof for [12, Lemma 3.2]. The columns of X are assumed to be normalized in [12], but

such an assumption has no effect on this inequality.
Proposition 3.8. For any matriz X € R, if |lo(X) — 1||o < 1/(3y/r), then

7 1
dist(X, S™7) < 2 gng(X)—uyg. (3.16)
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Proof. Let Y and Z be the matrices specified in Lemma 3.6. Then (3.12) leads to

IX=YIE =D I/ =415 < D 11 = 12l (3.17)
j=1 j=1

Since Y'Y is diagonal, the entries of o(Y) are ||y'|2, ..., |¢"|]2. Thus (3.12) also provides

lo¥) =115 = D (Ul —D* < DI = 1Zle- (3.18)
j=1 Jj=1
Comparing (3.16) with (3.17)—(3.18), we only need to prove that ||o(X)—1]|]2 <1/(3+/r) ensures
r
1Z]le, < 5 llo(X) =12 (3.19)
and

dist(Y, ") = |lo(Y) — 1. (3.20)

Since || Z|le, = 327 D251 1Zij| < 7l|Z]|r, inequality (3.19) is a direct consequence of

7
1Zllr = IXTX = Lllp < (IX[l2+D]o(X) = 1] < gllo(X) = 1ll2, (3.21)

where the last inequality is because || X |2 < [lo(X)—1|2+1 < 4/3. Meanwhile, inequality (3.21)
also leads to

T
3

Therefore, inequality (3.12) implies that Y does not contain any zero column. Hence the diagonal

1271 < V7l Z|lr < lo(X)—1|2 < 1 foreach je{l,...,7}.

entries of Y TY are all positive, which ensures the nonsingularity of this matrix since it is diagonal.
Thus Lemma 2.5 yields (3.20). The proof is complete. O

Now we are ready to establish a local error bound for Si’T relative to R™*".

Theorem 3.9. For any matriz X € R™ ", if || X_|g + ||o(X) — 1||2 < 1/(3y/7), then

1 1
(X, 577) < avF (X1 + o) - 11). (322
Proof. According to Lemma 2.2,
lo(X4) =12 < [[X_|[r + lo(X) = 1[2.

Thus ||o(X4) — 1||2 < 1/(34/r) by assumption, and hence Proposition 3.8 implies

. nr r 1 1
dist(X4, S}") < 2\/2 (HX—IIE + [lo(X) - 1\|§> : (3.23)

On the other hand, since || X_||r < 1/(34/7), it holds that

1 1 r 1
X-X = || X_ < X_[|2 < —[| X_]|2. 3.24
1% = Xale = Xl < il <\ (321)
Inequality (3.22) follows from (3.23) and (3.24) because 24/7/3 + 1/V3 < 4. O
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1 1
Theorem 3.9 presents only a local error bound. Indeed, || X_||2+|o(X)—1]||5 does not define
a global error bound for S relative to R™*", which will be explained later by Theorem 3.12.
To have a global error bound, we need to replace the term ||o(X) — 1||o with | XTX — I,||r as

in the following theorem.

Theorem 3.10. For any matriz X € R™ ", we have

dist(X, §") < 5ri (HX_HE +IXTX — M\é) : (3.25)
Moreover, if | X_|lp + | XTX — I||p < 1/(3y/7), then

(X, 877) < 4y (11 + XX - 1 ). (3.26)

Proof. Recall that ||o(X) — 1|2 < | XTX — I,||r (Lemma 2.4). Thus (3.26) is a direct conse-
quence of Theorem 3.9 when || X_||p + | XTX — L||r < 1/(3/7).

Now we prove (3.25). Let us assume that
1
3T’

as (3.25) is already justified by (3.26) when this inequality does not hold. Under this assumption,

IX_Jlp+IXTX = L|r >

1 1 1
X R+ IXTX - L)z > : 3.27
O+ IXTX Ll 2 (3.7
Noting that the diameter of S™" is 24/r, we then have
dist(X, SI'") < dist(X, S™") 4+ 2v/r
1 1 3 1 1
<P XX - nE a4 XX -]
3 1 1
<srt (IXIE + 1XTX - L),
where the second inequality applies Lemma 2.4 and (3.27). O

Recently, Theorem 3.10 has been used in [16, 17] to establish error bounds for dist(X, S"")
for X in the unit ball of spectral norm, i.e., {X € R"*": || X|| < 1}. See (31) in [16].

3.3 Tightness of the error bounds when 1 <r <n

The following proposition shows that the bounds presented in Theorems 3.9 and 3.10 are tight
up to multiplicative constants when 1 < r < n, no matter whether X belongs to S™", R’}r”,
or neither of them. Consequently, the error bounds (1.2)—(1.4) cannot hold with ¢ > 1/2
when 1 < r < n.
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Proposition 3.11. Suppose that 1 < r < n.

(a) There exists a sequence { X3} C S™" \ R}*" such that (X)- — 0 and

. 1 3
(X, 827) = 06 . (3.29)
(b) There ezists a sequence { X} C R\ S such that X Xy, — I, and
1 1
dist(Xy, ST") > EHX,CTX;C — L||3. (3.30)
(c) There exists a sequence {Xj} C R™"\ (R*" US™) such that (Xi)— — 0, XJ X}, — I,
and ) ) X
(X, 81) = L (umn; XX m;) . (3:31)

Proof. Take a sequence {¢;} C (0,1/2) that converges to 0. For each k > 1, let X} € R"*" be

a matrix such that its first 3 rows are

r—2
—N—
L Ek 0O ... 0
af bk 0O ... 0
¢ dp 0 ... O

with ag, bk, ck, di being specified later, its 4th to (r + 1)th rows are the last r — 2 rows
of I, (if r > 3), and its other rows are zero (if any). In addition, let X} be a projection of X,
onto S?L’T. Then the first row of X}, contains at most one nonzero entry according to Lemma, 2.6.
Hence

dist(Xy, SY") = | Xk — Xillr > & (3.32)

Moreover, it is clear that (X;)_ — 0 and X,IX;C — I, if
ar — 1, bk —0, ¢ —0, and dk — 1. (3.33)

In the sequel, we will configure ay, by, ¢k, and dj, subject to (3.33) so that { X} } validates (a), (b),

and (c) one by one.

(a) Define
&2
ap = 1—6%, bp=—-2%, ¢,=0, and dk:\/l—ez—bi.
ag

Then X;, € S™" \R}*". Clearly, ||(X;)-|lr = €2 /a). Hence (3.29) holds according to (3.32) and
the fact that a; > (/1 — &7 > 1/2 (recall that &5, < 1/2).
(b) Define ay, = dp = 1 and by, = ¢, = 0. Then X} € R\ §™". By straightforward
calculations,
1X5 X — Lllr = 27
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Thus (3.30) holds according to (3.32).
(c) Define ay = dj, = 1, by, = —¢%, and ¢ = 0. Then X; € R™ "\ (R?*" US™"). In addition,

we can calculate that

82 2
IXT Xk~ e = \Job+ (2 +20)? < \/ew (+%) <2t

and [|(Xg)—_||r = €. Therefore, (3.31) holds according to (3.32). O

Theorem 3.12 extends Theorems 3.9 and 3.10, allowing || X_||r and |Jo(X)—1|]z or | XTX I, ||p
to have different exponents in the error bounds. It specifies the precise range of these exponents
in local and global error bounds for S'" relative to R™" when 1 < r < n. As we will see
from (b) of this theorem and its proof, when 1 < r < n, the error bound (1.2) can hold if and
only if ¢ < 1/2, whereas (1.3) and (1.4) can hold if and only if ¢ = 1/2.

Theorem 3.12. Let g1 and g2 be positive constants. Suppose that 1 < r < n.

(a) The function pi(X) = || X_||§ + |lo(X) — 1||3* defines a local error bound for ST;" relative
to R™ " if and only if 1 < 1/2 and g2 < 1/2, but it cannot define a global error bound no

matter what values ¢ and qo take.

(b) The function pa(X) == || X_||% + | XTX — L.|# defines a local error bound for S relative
to R™" if and only if ¢1 < 1/2 and g2 < 1/2, and it defines a global error bound if and only
ifq < g2 =1/2.

Proof. (a)Based on (3.22), it is easy to check that p; defines a local error bound for S'" relative
to R™7 if ¢ < 1/2 and g2 < 1/2. Conversely, if p; defines a local error bound for S’}r’r relative
to R™ " then ¢; < 1/2 and ¢2 < 1/2 according to (a) and (b) of Proposition 3.11, respectively.

Now we prove that p; cannot define a global error bound. According to what has been
shown above, we assume that g2 < 1/2, as a global error bound must be a local one. Consider
a sequence {X;} C R" with || Xj|lp — oo. Then pa(Xj) = |[[o(X;) — 1|4, and hence

diSt(Xk, SK’T) > ||O‘(Xk) — 1H2
p1(Xk) T lo(Xk) -1

Thus p; cannot define a global error bound for S relative to R™*".

(b) Similar to (a), we can show that py defines a local error bound for S'" relative to R™*"
if and only if ¢g; < 1/2 and g2 < 1/2. Hence we only need to consider the global error bound.
Suppose that ¢; < go = 1/2. Let us show that

1
dise(x, 857 < 0% (1K [+ 1XTX - 11 ) = srimn(x) (334
for all X € R™". If || X_||r <1, then (3.34) follows from (3.25). When || X_||¢ > 1,
1
dist(X, ST7) < dist(X, S™7) +2v7 < 13| XTX — L||2 + 27| X_||% < 5ripy(X),
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where the second inequality applies Lemma 2.4. Hence ps defines a global error bound for S’}r’r
relative to R™*".

Now suppose that ps defines a global error bound for Si’r relative to R™*". Then it defines
a local error bound, implying ¢; < 1/2 and ¢2 < 1/2. Similar to the proof for (b) of Theo-
rem 3.5, by considering a sequence { Xy} C R’}r” such that X,;rX r = kI, for each k > 1, we can
prove g2 > 1/2. The proof is complete. O

Even though the function p; in Theorem 3.12 can only define a local error bound for S*"" rela-
tive to R™*", global error bounds can still be established if we add a suitable power of ||o(X)—1||2
or || XTX — I,||r to p1. This will be detailed in Remark 3.14 after we prove the following propo-
sition.

Proposition 3.13. Let ¢1 and ¢ be two nonnegative functions on R™*". If there exist positive

constants v1, v2, ¢c1 and co such that

dist(X, ST") < m1(X) when ¢1(X) < e, (3.35)
dist(X, S™") < y2¢2(X) when dist(X, S™") > ca. (3.36)

Then dist(X, S7") < max{y1, 72, ¢; "(2v/7 + c2)}[$1(X) + ¢o(X)] for all X € R,

Proof. Fix an X € R™". We only consider the situation where ¢1(X) > ¢, due to (3.35).
Note that

dist(X, ST'") < 2¢/r 4 dist(X, ™). (3.37)
If dist(X, S™") < ca, then (3.37) implies that
dist(X, ST") < 712V + c2) 1 (X).

If dist(X, S™") > cg, then (3.36) and (3.37) imply that

dist(X, S}") < max{2¢; V7, 72} [1(X) + d2(X)).
The proof is complete. ]

Remark 3.14. Suppose that 1 < r < n, 0 < ¢ < 1/2, and 0 < g2 < 1/2. According to
Theorem 3.12, Proposition 3.13, and Lemma 2.4, p1(X) + ||o(X) — 1|| with ¢ > 1 defines a
global error bound for S} relative to R"™". So does p1(X) + || XTX — I/} with ¢ > 1/2.
However, the powers in p; cannot be greater than 1/2 even with the additional terms for the

global error bounds. The same can be said about ps.
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3.4 Linear regularity of R}*" and S™"

Before ending this section, we briefly mention that our analysis enables us to characterize the
linear regularity of R}*" and S™" for r € {1,...,n}.

A pair of sets A; and Ay in R™*" with A; N As # ) are said to be boundedly linearly regular
if for any bounded set 7 C R™*" there exists a constant 7 such that

dist(X, A1 N Ag) < ymax {dist(X, A1), dist(X, A2)} (3.38)

for all X € T, and they are linearly regular if (3.38) holds for all X € R"*". Linear regularity
is a fundamental concept in optimization and is closely related to error bounds. See [21] and [5,
Section 8.5] for more details. Note that we can replace the maximum in (3.38) with a summation
without essentially changing the definition of (boundedly) linear regularity.

Proposition 3.15 clarifies whether R*" and S™" are linearly regular.
Proposition 3.15. The two sets RT*" and S™" are linearly regular if and only ifr =1 orr = n.

Proof. Recall that dist(X, R}*") = [|X_||r and dist(X, S™") = |[o(X) — 1|2 for X € R™*".
The “if” part of this proposition holds because of the global error bounds in Theorems 3.1
and 3.3. The “only if” part holds because || X_||r + ||o(X) — 1||2 does not define a global error

bound for 7" relative to R™*" when 1 < r < n, as we can see from (a) of Theorem 3.12. [

Proposition 3.15 remains true if we change “linearly regular” to “boundedly linearly regular”.
The “if” part is weakened after this change, and the other part holds because || X_||p+||o(X)—1]|2
does not define a local error bound for S’ relative to R™*” when 1 < r < n according to (a) of
Theorem 3.12.

4 Error bounds for the sign-constrained Stiefel manifold

This section will establish the error bounds for Sg” based on those already proved for S'}".

4.1 A special case

First, we consider the special case with
P={1,...,m} and N =0,
where r; € {1,...,r}. Define 7o = r — ry henceforth. In this case, S5 reduces to
SIS {X = (X1,X5) | X1 €R™™, Xy e RV, XTX = IT}, (4.1)

with S2", being S if i = 7.
Note that the results established in Sections 2 and 3 are still valid when r is replaced with 71

or ro. In the sequel, we will apply these results directly without restating this fact.
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Lemma 4.1. Suppose that r1 < r. Consider matrices Y1 € R™"™ and Yo € R™*"™2, [f YlTY2 =0,

then there exists a matriz Z that is a projection of Yo onto S™"2 and satisfies Y| Z = 0.

Proof. Define k = n — rank(Y7). Take a matrix V € S™* such that range(V') is the orthogonal
complement of range(Y;) in R™. Since k > r — 71 = 79, the matrix V'Y; € RF¥™2 has a
polar decomposition UP with U € S¥72 and P € R™*"2 the latter being positive semidefinite.
Define Z = VU € R™"*"2. Then

ZP=VUP=VV'Y, =Y,

where the last equality holds because range(Y2) C range(V) according to Y;"Ys = 0, and VV'T
is the orthogonal projection onto range(V). Besides, Z'Z = U'V'VU = I,,. Thus ZP is
a polar decomposition of Y5. Hence Z is a projection of Y5 onto ™" by Lemma 2.3. More-
over, V' Z = Y'VU = 0. O

Note that S;", can also be formulated as
S {(Xl,XQ) | Xy € S™, Xy €S™7, XT X, = o}.

This formulation motivates us to develop the following lemma, which provides a global error

bound for S", relative to R™*".

Lemma 4.2. Suppose thatry < r. For any matrizr X = (X1, Xo) with X1 € R™*"™ and Xy € R"*"2,

we have
dist (X, S;T;) < (2]| Xall2 + 1) dist(X7, S:L_’Tl) + dist( Xy, S™"?) + 2\|XIX2||F- (4.2)

Proof. Let Y] be a projection of Xy onto S and Y2 = (I,,—Y1Y;") X2 € R"*™2. Then Y'Y = 0.
By Lemma 4.1, there exists a matrix Z that is a projection of Y5 onto S™" with YlTZ = 0. De-
fine X = (Y1, Z), which lies in S", . Let us estimate || X — X||p. It is clear that

1X — X||p < |[(X1, X2) — (Y1, Y2)[|p + [|(Y1, Y2) — (Y1, 2)||F
<[ X1 =Yg + [ X2 = Yalp + [[Y2 — Z]|F.

Since ||Y2 — Z||r = ||o(Y2) — 1|2 (Lemma 2.4) and |o(X2) —o(Y2)]]2 < || X2 — Y2||r (Lemma 2.2),
it holds that [|[Yo — Z||r < ||o(X2) — 1|2 + || X2 — Y2||p. Therefore,
IX = X < (X1 — Villp + o(Xa) — 1] + 20|, — Yalle. (43)
Meanwhile, recalling that Yo = (I, — YlYlT)Xg and Y7 € S, we have
1X2 — Yollr = V1Y Xo[lp = Y] Xollp < [[(Y1 - X0)  Xollp + |IX{ Xoflp. (44)
Plugging (4.4) into (4.3) while noting ||(Y1 — X1)" Xa||r < || X1 — Y1||r||X2]|2, we obtain
IX = X|p < 2 Xall2 + DIIX1 = Yillp + lo(X2) — 12 + 2| X] Xo|p.

This implies inequality (4.2), because || X1 — Yi[|r = dist(X1, ST") by the definition of Y7,
and ||o(X2) — 1|2 = dist(X2, S™"?) by Lemma 2.4. O
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In light of Lemma 4.2, we can establish error bounds for S", using those for S'}"", as will be

done in Propositions 4.3 and 4.4. To this end, it is useful to note for any matrix X = (X1, X2)
that
IXTX = Ll > max {|IXT X1 = Ly llp, I1X3 X5 = L lp, V2IXT Xalle . (45)

Proposition 4.3. For any matriz X € R™" with x1 being its first column, we have
dist(X, S71) < 7V (@)= ll2 + XX = L) (4.6)
Moreover, if | XTX — I.|[r < 1/3, then
dist(X, S7) < 7 (H(x1)_H2 FIXTX —ITHF). (4.7)

Proof. If r = 1, then (4.6) and (4.7) hold because of Theorem 3.1. Hence we suppose that r > 1
in the sequel. We first assume || XTX — I,|p < 1/3 and establish (4.7). Let X5 be the matrix

containing the last r — 1 columns of X. According to Theorem 3.1 and Lemma 2.4,

dist(z1, ST < 2|(21)—l2 + |2{z1 — 1], (4.8)
dist(Xy, S 1) < || XJ Xy — I_1||p. (4.9)

Plugging (4.8) and (4.9) into Lemma 4.2 while noting (4.5), we have

dist(X, 87) < (2l Xallz +1) - 2ll(z1)-ll2 + [21 Xellz +1) + 1+ VI IXTX ~ L |[e
7 (I @)-lls + 1X7X = Lk )

IN

where the second inequality uses the fact that || Xa||3 < | XTX — I||2 +1 < 4/3.
To prove (4.6), we now only need to focus on the case with | XTX — I.|[p > 1/3. In this

case,
dist(X,S}) < dist(X, ™) +2vr < | XTX — L[lp + 67| XX — L|p,

which implies (4.6). The proof is complete. O

Proposition 4.4. For any matriz X € R™*" with X1 being its submatriz containing the first rq

columns, we have
: 1 1
s, 877, < 1ort (0 1E+ IXTX - L) (4.10)
Moreover, if |(X1)_||r + | XX — I|lr < 1/(3y/7), then

1 1
(X, 877) < 1597 (100 + 1XTX - ). @11)
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Proof. If 1 = r, then (4.10) and (4.11) hold because of Theorem 3.10. Hence we suppose
that 71 < 7 in the sequel. We first assume ||(X1)_||r + [| XX — I.||r < 1/(3y/7) and estab-
lish (4.11). Let X, be the matrix containing the last ro = r — 1 columns of X. According

o (4.5), our assumption implies

1 1
I(X0)-lle + X7 X1 = Iyl < ENGY |1X5 Xo = Lnllp < 3.
Hence Theorem 3.10 and Lemma 2.4 yield
1 1
(30,827 < 4y (100 E + 1XTX0 - 1, ) (4.12)
1 1
dist(X, S™) < || X3 Xo — Ln,|lr < —=[1X3 Xo — L, ||2. (4.13)
V3
In addition, inequality (4.5) and our assumption also provide
1 1 1
IX{ Xa|lp < EHXTX—LAHF < %HXTX—M\%- (4.14)
Plugging (4.12)—(4.14) into Lemma 4.2 while noting (4.5), we obtain
. 2 1
Aist(X, 1) < (Al + 1) + ] (I 1+ XX - 1)

IN

1 1
NG (H(Xl)—\l% n HXTX _ Irua) |

where the second inequality uses the fact that || X2 < [|[XTX — I,]j2 +1 < 4/3.
Now we prove (4.10). By the same technique as the proof of (3.28), we have

1 1
dise(x, 857, < ord (1001t + 1X7x - 1)

when ||(X1)_|lg + || XTX — L.||[r > 1/(3y/7). Combining this with (4.11), we conclude that (4.10)
is valid. The proof is complete. O
4.2 The general case

We now present the error bounds for Sg", detailed in Theorems 4.5-4.7. Theorems 4.5 and 4.6
can be proved using Proposition 4.3 and Theorem 3.3, respectively. We omit the proofs because

they are essentially the same as that of Theorem 4.7 below.

Theorem 4.5. Suppose that |P|+ |N| = 1. For any matriz X € R™ ", we have
dist(X, S87) < 77 (IS0 X) [l + | XTX — L g ).
Moreover, if | XTX — I.||p < 1/3, then

dist(X, 857) < 7(I(S 0 X) |l + |XTX = L) -
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Theorem 4.6. Suppose that |P|+ |[N'| =n. For any matriz X € R™*", we have
dist(X, S5™) < 9n([|(S o X)_[lr + [o(X) = 1[2).
Moreover, if ||(S o X)_|lp + [[o(X) — 1|2 < 1/(4/n), then
dist(X, S5") < 8v/n ([|(S o X)—|[r + [lo(X) = 1|2).
Theorem 4.7. For any matriz X € R™*", we have
dist(X, SP) < 15r1 (\(s o X)_Hé +IXTX - IT||}%> : (4.15)
Moreover, if ||(S o X)_|r + |XTX — I||r < 1/(3y/7), then
dist(X, S™") < 157 <H(So X)_|2 + XX - mé) . (4.16)

Proof. Let Q = {1,...,r} \ (PUWN). With My, M, and Mg being the submatrices of I,

containing the columns indexed by P, N, and Q, respectively, we take the permutation matrix
II = (Mp, My, Mg) € R™".

In addition, we take the diagonal matrix D € R™*" with D;; = —1if j € N and D;; =1
otherwise. Define 1 = |P| + |N|. If r1 = 0, then (4.15) and (4.16) hold because of Lemma 2.4.
Hence we suppose that r; > 1 in the sequel.

Consider any matrix X € R™". Let Y = XDII, and Y be the projection of Y onto Sflﬂr
defined in (4.1). Set X = YTII' D, which lies in S§”". Then

dist(X, S¥") < |X = X||r = |[YOI'D-YI'D|p = ||Y —Y|p.
Invoking Proposition 4.4, we have
— 3 1 1
IV - ¥l < 1504 (rm)_ua YTy - L»Hé) ,

where Y] is the submatrix of Y containing the first r; columns. It is straightforward to verify
that [|(Y1)_|lp = [|[(So X)_|lr and |[YTY — I.|[r = | XTX — I,.||[r. Hence we obtain (4.15). The
bound (4.16) can be established in a similar way. O

5 Exact penalties for optimization on the nonnegative Stiefel manifold

In this section, as an application of the error bounds established in this paper, we consider exact

penalties for optimization problem (1.5). For simplicity, we will focus on the special case with
n,r __ n,r
Sg" =S,
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applying the bounds in Section 3. Essentially the same results can be established in the general
case by exploiting the bounds in Section 4. The exact penalty results only require (local) Lip-
schitz continuity of F', and hence can be applied to nonsmooth optimization, for example, F'
involving a group sparse regularization term [27].

The exactness of penalty methods for problem (1.5) with Sg" = S} has been studied
in [12, 24]. In [12], an error bound is established for S relative to the set

(X eRY" (XTX);;=1,5=1,...,7},

and then the bound is used to analyze a penalty method. However, the error bound in [12]
cannot be used to derive the values of v and ¢ in (1.2)—(1.4). In [24], the authors consider the
penalty problem (1.6) with ¢ = 1, and show this problem has the same global minimizers as
problem (1.5) if each global optimal solution of (1.5) has no zero rows. Our exact penalty results
only need the Lipschitz continuity of the objective function F in (1.5).

The error bounds (1.2)—(1.4) established in this paper enable us to have the exactness of the

penalized problem
min {F(X) + (HXJ\Z; +IXTX - L«IIZ) X € 5} (5.1)

for solving (1.5) with Sg" = S'}'" only under the (local) Lipschitz continuity of function F. Here
the set S € R™*" is a set that contains Si’r, while the parameters y, p, q1, and g9 are all positive.
If p=2 and q; = g2 = ¢, then the penalized problem (5.1) reduces to problems (1.6) and (1.7)
when S equals ™" and R}™", respectively.

During the revision of this paper, a very recent work [17] studied another exact penalty

uz

problem for (1.5) with Sg" = S}"" based on an error bound for S} relative to the set
(X eRY"(XTX);;<1,j=1,...,7}. (5.2)

Since our error bounds for Sﬁ’r are established relative to R™*", we allow the feasible set of our
penalty problem to be any set S containing S"", whereas the feasible set in [17] can only be the
set (5.2). In addition, with the error bounds established in Section 4, our results can be readily
extended to the case where S¢" is a sign-constrained Stiefel manifold other than S}, which is
not considered in [17].

Due to the equivalence between norms, it is indeed possible to establish the exactness of (5.1)
when the entry-wise £),-norm is changed to other ones. We choose to use the entry-wise £,-norm

in (5.1) because it is easy to evaluate.
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5.1 Exactness for Lipschitz continuous objective functions

Theorem 5.1 presents the exactness of problem (5.1) regarding global optimizers when the ob-

jective function F' : & — R is an L-Lipschitz continuous function, namely
[F(X)-FY)| < LI|X =Y (5.3)

for all X and Y in S, where L € (0,00) is a Lipschitz constant of F' with respect to the Frobenius
norm. Note that the global Lipschitz continuity of the objective function F'is assumed on a set S
containing S"". For example, if F(X) = trace(XTATAX) and S = {X € R : | X|r < v}
with v > +/r, then the global Lipschitz continuity of F holds on & with the Lipschitz con-
stant L = 2v||A||3. Indeed, our theory holds even if F' is undefined out of S. The proof of

Theorem 5.1 is standard and we include it in Appendix A for completeness.

Theorem 5.1 (Exact penalty (5.1) with F' being Lipschitz continuous). Suppose that S C R™*"
is a set containing S:L_’T, F : S — R is an L-Lipschitz function, and p > 1 is a constant.

p—2

If0<q<1/2 and p > 5Lri max{l, (nr) v }, then

1
Argmin{F(X) : X € "} = Argmin {F(X) + M(HX,HZP + ||XTX—IT||EQP) X € S}.

Theorem 5.2 presents the exactness of problem (5.1) regarding local minimizers when F is
locally Lipschitz continuous on S, meaning that for any X € S there exists a constant L € (0, o0)
such that (5.3) holds for all X and Y in a certain neighborhood of X in S. We will refer to this L
as a Lipschitz constant of F around X. The proof of Theorem 5.2 is also given in Appendix A.

Theorem 5.2 (Exact penalty (5.1) with F' being locally Lipschitz continuous). Let S C R™*"
be a set containing S'", F : S — R be a locally Lipschitz continuous function, and p > 1 be
a constant. Suppose that 0 < g1 < 1/2 and 0 < qa < 1/2. For any local minimizer X* of F

on S, X* is also a local minimizer of
min { F(X) + p(|1X- |2 + [ XTX ~ L) : X € S} (54)

1 (p—2)  g2(p—2)

forall p > 4L*\/r max {1, (nr) 2z | r » }, where L* is a Lipschitz constant of F' around X*.

Conversely, if X* lies in S"" and there exists a constant p such that X* is a local minimizer

of (5.4), then X* is also a local minimizer of F on SY".

Suppose that p < 2. It is noteworthy that the thresholds for p in Theorems 5.1 and 5.2
are independent of n (even the dependence on r is mild). This is favorable in practice, as r
can be much smaller than n in applications. We also note that the second part of Theorem 5.2
requires X* € Si’r. This is indispensable without additional assumptions on the problem struc-
ture (see [5, Remark 9.1.1]).
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5.2 The exponents in the penalty term

When 1 < r < n, the requirements on the exponents of | X_|r and | XTX — I.||r in Theo-
rems 5.1 and 5.2 cannot be relaxed. This is elaborated in Proposition 5.3, with S = R™*" being

an example. Similar results can be proved for § = $™" and § = R}*".

Proposition 5.3. Suppose that 1 < r < n, p > 1, ¢ > 0, and g2 > 0. Define the func-
tion p(X) = ||X_||g; + | XTX — ]T’HZZQ) for X € R™". There exists a Lipschitz continuous
function F : R™" — R such that the following statements hold.

(a) Argmin{F(X): X e S"} =S"".

(b) If g1 > 1/2 or g2 # 1/2, then any X* € ST" is not a global minimizer of F + pp on R™*"
for any u > 0.

(¢) If 1 > 1/2 or gz > 1/2, then there exists an X* € S that is not a local minimizer
of F 4+ pp on R™ " for any p > 0.

Proof. Define
F(X) = —dist(X, S}") for X e R™".
Then F is Lipschitz continuous on R™*". We will justify (a)—(c) one by one.
(a) This holds because F takes a constant value 0 on S’
(b) Assume for contradiction that there exists an X* € S'" such that X* is a global minimizer

of F+ u*p on R™ " for a certain p* > 0. Then
F(X)+p*p(X) > F(X*)+pu*p(X*) = 0 forall X eR™".

By the definition of F', we then have dist(X, S'") < p*p(X) for all X € R"*". Hence p defines a
global error bound for S’" relative to R™*", contradicting (b) of Theorem 3.12 (note that ||- ||,
and || - |p are equivalent norms).

(¢) According to (b) of Theorem 3.12, the function p does not define a local error bound
for S'" relative to R"*". Thus there is a sequence {X;} C R™*" such that

1(Xk) -l + 1X5 Xi = Lellp < K7 (5.5)

diSt(Xk, S:l_’r) > kp(Xk) (56)

for each k > 1. According to (5.5), || X Xk|lr < v/7+ k™. Thus {Xy} has a subsequence {Xj,}
that converges to a certain point X*. Using (5.5) again, we have || X*||p + [|(X*)TX* — I||r = 0,
and hence X* € S'". It remains to show that X* is not a local minimizer of F'+ pp for any p > 0.

Assume for contradiction that X™* is such a local minimizer for a certain p* > 0. Then for all

sufficiently large ¢,
F(Xp,) + 0"p(Xy,) = F(X7) + " p(X") = 0.

By the definition of F', we then have dist(Xy,, ST") < p*p(Xy,), contradicting (5.6). The proof

is complete. ]
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When 7 =1 or r = n, since the exponents of | X_||r and || XTX — I,.||r in the error bounds
can be increased from 1/2 to 1, their exponents in the penalty term of (5.1) can be taken from

a larger range while keeping the exactness of (5.1). This is briefly summarized in Remark 5.4.

Remark 5.4. Suppose that »r = 1 or r = n. If F'is Lipschitz continuous on &, then we can
establish a result similar to Theorem 5.1 for 0 < ¢; < 1 and 1/2 < g < 1 based on the error
bound (3.11). When F is only locally Lipschitz continuous, similar to Theorem 5.2, the exactness
of problem (5.1) regarding local minimizers can be established if 0 < ¢ < 1 and 0 < g2 < 1.
Proposition 5.3 can also be adapted to the case of r = 1 or r = n. It is also worth noting
that S'" is precisely the set of n x n permutation matrices, and hence min{F(X) : X e S}

represents optimization problems over permutation matrices.

6 Penalty methods for (1.5)

When Sg" = S"", problem (1.5) reduces to the nonnegative orthogonal constrained optimization

problem
min F(X). (6.1)
Xesh"
Many papers use penalty methods for problem (6.1) with penalty functions || - ||%, || - [|r or ||l

of X_or XTX — I, eg., [1, 18, 28, 30]. However, there is not a satisfactory answer in existing
literature whether the penalty problem using || - [|%, ||.|F or || ||¢, is an exact penalty regarding
local and global minimizers of problem (6.1) for a Lipschitz continuous objective function.
In 2024, the authors of [24] proved that the penalty problem

Juin FX) + pl X-le, (6.2)
is a global exact penalty for problem (6.1) under the assumption that any global minimizer
has no zero rows and F' satisfies a second-order calmness condition in a neighborhood of any
global minimizer of (6.1). Moreover, they aimed to show that such strong assumption cannot

be removed by Example 3.9 in [24], which is as follows

Il’llgl2 f(X) = *2X171 - 2X272 - Xg’l - X372. (63)
xesh
. 100 . o :
The authors of [24] claimed X* = 01 0 is a global minimizer of (6.3), but is not a

solution of the penalty problem

Join J(X) + pll Xl

for any p > 0. However, X* is not a global minimizer of (6.3), as f(X*) = —4 > —/5-2 = f(X),

2/v/5 0 1/v5 !

0 Lo . Thus the claim with this example in [24] is wrong.

where X = [
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In this paper, we give a warning for the penalty problem (6.2) in the case where the objective
function is only Lipschitz continuous. From Proposition 5.3, we know that there is a Lipschitz
continuous function F' such that any global (local) minimizer of (6.1) is not a global (local)
minimizer of (6.2) for any p > 0. On the other hand, from Theorem 5.1 and Theorem 5.2, we
know that

in F(X X_||
Juin F(X) + ul| X-lg,

is an exact penalty problem for (6.1) regarding global and local minimizers for u > 5Lri
and ¢ € (0,1/2], where L is a Lipschitz constant of F'. Our results provide theoretical warning
and guarantee for penalty methods of nonnegative orthogonal constrained optimization prob-
lem (6.1).

Note that Remark 5.4 can be extended to the case |P| + |N| =1 or |[P|+ N] =n. In
particular, the penalty problem

in F(X SoX)_
Juin FX) + pl[(S 0 X)—le,

is an exact penalty problem of (1.5) with S;; =1and S;; =0,for j#1,i=1,...,n.
Consider the following sparse trace maximization problem [4]
min —tr(XTATAX) + )| X ||, (6.4)
Xesmr
where A € R™*" is a given matrix. If ATA is a positive or an irreducible nonnegative matrix,
then by the Perron-Frobenius theorem, the largest eigenvalue of AT A is positive and the corre-
sponding eigenvector is positive. Hence, for a dense nonnegative data matrix A, it is interesting

to consider

min —tr(XTATAX) + \|T o X||,, (6.5)
Xesg"

with S;1 =1, 5;;, =0, T;1 =0,T;; =1, for j # 1,7 = 1,...,n. Since the objective function
of (6.5) is Lipschitz continuous with Lipschitz constant L = 2||A||3 +7\y/n over S™", our results
show that

i —tr(XTATAX) 4+ X|T 0 X |, + 4l (S 0 X)- |l (6.6)

3
1

is an exact penalty problem of (6.5) with @ > 5Lr4.
In [4], Chen et. al proposed a ManPG (Manifold Proximal Gradient) algorithm to solve the
following nonsmooth optimization problem

Juin F(X) = f(X) + p(X),

where f is smooth, V f is Lipschitz continuous and p is nonsmooth, convex and Lipschitz con-
tinuous. The objective functions in problem (6.4) and problem (6.6) satisfy these conditions.

Numerical results in [4] show that ManPG outperforms some existing algorithms for solving
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problem (6.4). We compare the two models (6.4) and (6.6) for sparse trace maximization prob-
lem by using the code of [4] downloaded from https://github.com/chenshixiang/ManPG, with
the same initial points that are randomly generated by the code. Other algorithms for solving
nonsmooth matrix optimization over S™" can be found in [32] and its references. Moreover, we

can also replace the orthogonal constraint by adding a penalty term | XX — I,||,, to (6.6).

6.1 Synthetic simulations

For given m, n, we randomly generated 20 nonnegative matrices and then normalized the columns

by Matlab functions as follows
A =rand(m,n), A = normc(A).

For each randomly generated matrix A, we use ManPG to find an approximate solution X of (6.4)
and (6.6), respectively. The reconstructed matrix and its relative reconstruction error (RRE)

and percentage of explained variance (PEV) [31] by using X are defined by

o A— Alp tr(ATA)
A=AX(XTX)1xT E= 14 — Alle PEV = ———"/(x100%). 6.7
( ) , RR TV tr(ATA)(X %) (6.7)

In Table 2 and Table 3, we report the average values of RRE and PEV of A by using the
randomly generated 20 nonnegative matrices A for each m and n to compare models (6.4)
and (6.6) with » = 10. All computed solutions X for calculating RRE and PEV in Table 2 and
Table 3, satisfy

IXTX — L] <107 and || XTX — L|p +[|(S o X)_|l,, <1074,

for model (6.4) and model (6.6), respectively.

m =40, n =30
A, 0.6,150 | 0.6,170 | 0.6,190 | 0.6,200 | 1,100 | 1, 110 1, 130
model (6.4) | 0.4029 | 0.4029 | 0.4029 | 0.4029 | 0.4046 | 0.4046 | 0.4046
model (6.6) | 0.3999 | 0.3992 | 0.3988 | 0.3953 | 0.4029 | 0.4008 | 0.3981
A=0.6, u =100
m,n 50,25 50, 50 80,25 80, 40 80,80 | 200, 25 | 200, 50
model (6.4) | 0.3811 | 0.4427 | 0.3846 | 0.4315 | 0.4652 | 0.3860 | 0.4464
model (6.6) | 0.3806 | 0.4409 | 0.3843 | 0.4284 | 0.4636 | 0.3847 | 0.4451

Table 2: Comparison on RRE with different (m,n, A\, u) by randomly generated A

27


https://github.com/chenshixiang/ManPG

m =40, n =30
A, 0.6,150 | 0.6,170 | 0.6,190 | 0.6,200 | 1,100 | 1,110 | 1,130
model (6.4) | 0.8376 | 0.8376 | 0.8376 | 0.8376 | 0.8363 | 0.8363 | 0.8363
model (6.6) | 0.8400 | 0.8406 | 0.8410 | 0.8410 | 0.8376 | 0.8391 | 0.8404
A=0.6, u =100
m,n 50,25 50, 50 80,25 80, 40 80,80 | 200,25 | 200,50
model (6.4) | 0.8547 | 0.8040 | 0.8520 | 0.8138 | 0.7836 | 0.8510 | 0.8007
model (6.6) | 0.8551 | 0.8055 | 0.8523 | 0.8164 | 0.7850 | 0.8520 | 0.8019

Table 3: Comparison on PEV with different (m,n, A\, ) by randomly generated A

6.2 Numerical results using Yale face dataset

The Yale Face dataset contains 165 GIF format gray scale images of 15 individuals with 11 images
for each subject, and one for each different facial expression or configuration. From http://
www.cad.zju.edu.cn/home/dengcai/Data/FaceData.html, we download the 165 x 1024 facial
image matrix Fyee. The (15 x (i — 1) + ¢)th row of F,. is the tth image of the ith person,
withi=1,...,15and t =1,...,11. Each row of F,.. defines a 32 x 32 nonnegative matrix. We
use the first 55 rows of F.., which include 11 images of each of the first five persons, to get 55
32 x 32 nonnegative matrices and then use Matlab function normc to normalize each of these
matrices.

For each 32 x 32 matrix A, we use ManPG to find an approximate solution X of (6.4)
and (6.6), respectively. We compute the reconstructed matrix A and its RRE and PEV by using
computed X as (6.7).

From Table 2, Table 3 and Figure 1, we can see that in almost every case, the reconstructed
matrix A by model (6.6) has lower values RRE and higher values PEV than that computed by
model (6.4). In our numerical experiments, we only restricted the power of the penalty term to

be one, but did not restrict the penalty parameter p > 5Lri.

7 Conclusions

We present the error bounds (1.2)—(1.4) with explicit values of v and ¢ in Theorems 3.1, 3.3
and 3.10 for S5 = Si’T. Furthermore, we show that these error bounds cannot hold with ¢ > 1/2
when 1 < r < n in Proposition 3.11, and point out that they cannot hold with ¢ > 1
for any r € {1,...,n} in Remark 3.4. In Section 4 we present the error bounds (1.2)—(1.4)
with explicit values of v and ¢ in Theorems 4.5-4.7 for the sign-constrained Stiefel manifold.
The exponent ¢ in the error bounds is 1/2 for any r € {1,...,n} and can take the value 1
for |P| 4+ |N| € {1,n}. The new error bounds help us to establish the exactness of penalty
problems (1.6)—(1.8) for problem (1.5). Compared with existing results on error bounds for the

set S'"" and penalty methods for minimization with nonnegative orthogonality constraints, our
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——68

Figure 1: Row i (i = 1,...,5) shows average values of RRE and PEV of the reconstructed matrix A
using 11 images for the ith person by models (6.4) with A =1 and (6.6) with A = 1, u = 6, respectively,
forr=1,...,32.
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results have explicit values of the error bound parameters and penalty parameters, and do not
need any condition other than the (local) Lipschitz continuity of the objective function for the
exact penalty. Moreover, exponents in our error bounds are independent of the dimension of

the underlying space.

A Appendix. Proofs of Theorems 5.1 and 5.2

We first present the following lemma on a simple inequality between the entry-wise £,-norm and

the Frobenius norm. Its proof is elementary and hence omitted.

Lemma A.1. For any X € R™™" and any p > 1,
p=2
1XIe < max {1, (nr)® } X,

The proofs of Theorems 5.1 and 5.2 are as follows.

1
Proof of Theorem 5.1. Define the function p(X) = HX_HZp + [ XTX — I||§ for X € S, and
set v = 5r1max {1, (m’)%} By (3.34) and Lemma A.1, we have

1
dist(X, ST") < bri <||X—||qp+||XTX—IT||§> < vp(X) for Xe€S.

For any X € S, setting X to a projection of X onto Si’r, and combining the L-Lipschitz

continuity of F' with the above error bound, we have
F(X) < F(X)+ Ldist(X, ST") < F(X)+ pup(X).
This implies that
inf{F(X): X eS}"} < inf{F(X)+ pp(X): X € S}.
Meanwhile, inf{ F(X) : X € ST} > inf{F(X)+up(X): X € S} as pis zeroon S§"" C S. Thus
inf{F(X): X e S}"} = inf{F(X)+ pp(X): X € S}. (A1)
For any X* € Argmin{F(X) : X € S’""}, we have p(X*) = 0 and
F(X*) + pp(X*) = F(X*) = inf{F(X): X 8™},

which together with (A.1) ensures X* € Argmin{F(X) + pup(X) : X € S}.
Now take any X* € Argmin{F(X) + up(X) : X € S}, and let X* be a projection of X*

onto S'". Then we have

P(X*) + pp(X7) < F(X*) +up(X*) = F(X*) < F(X*)+vLp(X").



This leads to p(X*) =0, as p > vL and p(X*) > 0. Hence X* lies in S'", and
F(X*) = F(X*) 1 up(X*) = inf{F(X) + pp(X) -z € 5},

which implies that X* € Argmin{F(X) : X € S} with the help of (A.1). We complete the
proof. O

Proof of Theorem 5.2. Define the function p(X) = HX,||Z; +|XTX - ITHZ,Q, for X € S, and

a1(P=2) q2(p—2)

set v = 4,/r max {1, (nr) 20 ,r } Forany X € S’"" and Y € S with |V —X||p < 1/(6y/7),
we have

1
3T’
where the first inequality is because X_ = 0 and o(X) — 1 = 0, while the second invokes
Lemma 2.2. Hence (3.26) and Lemma A.1 yield

Y-llg + oY) =1l < Y = X[+ [lo(Y) —o(X)]2 < 2|V - X]lr <

dist(Y, S")
< avr (I + IV TY = L)

a1(p—2)

a1 2, 2(2-2) T a2
<4yr(maxq1, (nr)” 2 HY_HZP—I—maX 1, (rf) 2 Y Y_ITHZP

<vp(Y).

Given a local minimizer X* of F' on S}", there exists a 6 € (0,1/(3y/r)) such that X* is a
global minimizer of F on " N B(X*,4) and F is L*-Lipschitz continuous in the same set.

It suffices to demonstrate that X* is a global minimizer of F' + pup on & N B(X*,6/2) for
all > vL*. Take any point Y € SNB(X*,§/2), let Y be a projection of ¥ onto S"", and note
that Y lies in B(X*,d), which is because

IV = X*lp < Y =Ylp+[Y - X[lp < X" =Y]p+[]Y = X"[p < 0.
Then, using the fact that p(X*) = 0, we have
F(X*)+ up(X*) = F(X*) < F(V) < F(Y) + L* dist(Y, §}7) < F(Y) + p(Y),

which is what we desire.

If X* is a local minimizer of F' 4 pp on S, and X* happens to lie in S"", then
F(X*) = F(X*) + up(X*) < F(Y) +up(Y) = F(Y)

for any Y that is close to X* and located in S7"" C S. Hence X* is also a local minimizer of F

on Sﬁ”. We complete the proof. O
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